First principles calculations were carried out to study the equilibrium properties of metals, including the electrons at bonding critical point; e bcp ; cohesive energy; E coh ; bulk modulus; B; and, atomic volume; V. 44 pure metals, including the s valence (alkali), p valence (groups III to V), and d valence (transition) metals were selected. In the present work, the electronic structure parameter e bcp has been considered to be a bridge connecting with the equilibrium properties of metals, and relationships between e bcp and equilibrium properties (V; E coh ; and B) are established. It is easy to estimate the equilibrium properties (E coh ; V, and B) of pure metals through proposed formulas. The relationships that were derived in the present work might provide a method to study the intrinsic mechanisms of the equilibrium properties of alloys and to develop new alloys.
Introduction
The design of materials with desirable properties associating with computational simulations has currently become a normal approach. It is well known that the physical properties are controlled by the bonding between atoms, which is strictly determined by the electronic structure of the materials. Although the mechanical properties of materials, such as the elastic modulus, strength, toughness, and ductility are macro-properties, they are all related to the breaking and reforming of interatomic bonds, and therefore determined by the characteristics of electronic structures [1] [2] [3] [4] . The understanding of electronic factors that affect the mechanical properties can boost these search processes. So far, efforts have been made to build a relationship between these atomistic-scale parameters and the macroscopic mechanical behaviors, such as between bulk modulus of metals and their lattice volume [5] . It is very convenient to evaluate the bulk modulus of materials by fitting the energy-strain or stress-strain curve that was obtained via first principles calculations [6, 7] . Metal crystals are combined by the attractions of Coulomb forces between the metal cations and electrons. The attractions have no directions, the closer between the metal cations, the stronger of the attractions are. The energy of crystals will be gradually increased with the compression of crystal cell (such as under the hydrostatic pressures). In general, the electrons in metal crystals move freely, and the repulsive force between them can resist the compression of crystals due to the affection of Pauli's exclusion principle. Therefore, the distributions of electrons in metal are correlated with the bulk modulus of metals.
Many methods were proposed to analyze the distributions of electrons in materials, such as Mulliken population analysis [8] , Natural Population Analysis (NPA) [9] , and Topology analysis, the Atoms In Molecules theory (AIM), as proposed by Bader et al. [10] [11] [12] [13] . The Mulliken population analysis is a familiar method for analyzing the electrons with an atom, which simply separate the electrons in crystal and help us to estimate the bonding properties of atom in molecule. However, it is So far, the bonding characteristics are generally based on "atomistic level" but not "electronic level", since the energy, forces, and stress parameters are usually described based on chemical element types and positions of each atom involved in deformation. The lack of fundamental understanding on their electronic features increases the complexity for search in the large composition parameters to design the advanced alloys with improved mechanical properties, especially for multicomponent alloy systems, such as high entropy alloys and many commercial alloys [25, 26] .
Although many works have been concentrated on studying the bulk modulus of materials, other equilibrium properties (such as volume, cohesive energy, and structural parameters) have been rarely referred. Furthermore, it is important to build the relationships between the electronic structures and the macro properties of materials. Therefore, in this work, the electronic structures and the correlations with equilibrium properties of metals are studied in detail.
Methodology
First-principles total energy calculations were performed for 44 pure metals with bcc, fcc, and hcp structures within the framework of Kohn−Sham density functional theory (DFT) [27] [28] [29] [30] while using the projector augmented wave (PAW) approach [31, 32] for the description of ion-electron interaction, as implemented in the Vienna ab initio simulation package (VASP). Electron exchange-correlation was treated within the generalized gradient approximation (GGA) using the PW91 functional [33] according to the reports of Shang et al [5] . A cutoff energy of 450 eV and a Gaussian smearing method with an energy broadening of 0.15 eV were used throughout. Self-consistent field convergence was considered for a total energy difference of less than 10 −5 eV between iterations. The conjugate gradient algorithm was used to relax ions and the ionic relaxation was stopped when the forces acting on ions dropped below 0.01 eV/Å. The k-points are carefully checked in the optimization of the lattice structure of pure metals. The optimized structures are well consistent with theoretical calculations [5] . The electronic structures of the optimized structures were recalculated by the full potential linearized augmented plane-wave code WIEN2K [34] under the framework of generalized gradient approximation (PBE-GGA) using the Perdew-Burke-Ernzerhof exchange-correlation potential in order to obtain the values of electrons at the bcp. The self-consistency procedure was performed with 2000 k points in the irreducible part of the Brillouin zone. The criterion for energy convergence is set to be 0.0001 Ry.
Results and Discussions
The phase stability of crystals is evaluated by the cohesive energy defined by:
where N is the number of atoms in the unit cell. E M and E a denote the energies of crystal and atom, respectively. The energy of metal atom is evaluated by putting it in a 1 × 1 × 1 nm 3 cell and the calculated total energy of the cell is regarded as the energy of a metal atom. Table 1 shows the evaluated cohesive energies and the experimental values [35] of studied metals. Furthermore, the atomic volume of metal is chosen to examine the accuracy of the calculations by comparing them with experimental measurements, as shown in Figure 1a . A strictly linear relationship, with a slope closing to unity (1.02), between the theoretical and experimental values is illustrated in this figure. Although most of the calculated values are much closed to the experimental values, there are some discrepancies between theoretical and experimental values. Therefore, both the experimental and theoretical values of volumes, cohesive energies and bulk modulus (from Ref. [5] ) were used in this work to improve the precision of our empirical formula. Besides the above calculations, we also evaluate the numbers of electrons at the bcp, e bcp , of studied metals, which are also listed in Table 1 . As mentioned above in AIM theory the e bcp correlates with the bond interaction between atoms in molecule. In general, the e bcp of alkali metals are very small, while the values are much larger in transition metals, which might be related with the difference structures of valence electrons in them. The relationships between the e bcp and micro-properties, such as the cohesive energy, atomic volume of metal, and bulk modulus were further analyzed.
Shang et al. have calculated the equations of state (EOS) of pure elements, and they found that the PAW-GGA could correctly describe the volume and elastic stiffness constants of most pure elements. However, there are large differences (>3%) for the rare earth elements (Ce, Ac, and Eu), and heavy transition metals (Ag, Au, Pb, Pd, and Pt) [5] . It is worth noting that the van der Waals corrections should be considered for these systems in order to obtain accurate calculation results [36] .
The e bcp is slightly affected by the calculation details, such as the smearing method, k-mesh, and exchange-correlation functionals. The calculated e bcp of vanadium using PBE-GGA, LSDA, WC-GGA (Wu-Cohen 2006), and PBEsol-GGA (Perdew et al. 2008 ) are 0.2900, 0.2913, 0.2911, and 0.2914, respectively. Figure 2 shows the relationship between e bcp and bulk modulus. The black and purple dots are the calculated and experimental values, respectively. By fitting bulk modulus against e bcp with a parabolic function, a relationship between them was obtained, as in Equation (2), with a coefficient, k 1 , around 2000 (GPa). The fitting curves overlap very well.
It is worth noting that the experimental bulk modulus is temperature dependent. Theoretically, one of methods to account the temperature effect to improve the calculation accuracy is to consider the zero-point energy and thermal phonon energy. Janthon et al. reported that the temperature effects on the lattice parameter, cohesive energy, and bulk modulus of transition metals are about 0.003−0.022 Å, 0.01−0.06 eV, and 1−17 GPa [37] , respectively. We also estimate the difference between the calculated and experimental values of atomic volume and cohesive energy, as shown in Figures 1 and 2 . We used the experimental values of the equilibrium parameters in order to obtain more accurate correlations between e bcp and equilibrium properties. However, the resulted fitting parameters are close using calculated and experimental data, as shown in Figure 2 . To explore the possible relationship between e bcp and equilibrium properties of metals, we have calculated the electronic parameters and equilibrium properties of 24 binary compounds as shown in Figure S1 and Table S1 . There is linear relationship between their bulk modulus and e bcp . To further clarify the influence of crystal structure, common crystal structures (hcp, bcc, and fcc,) are employed to check and extend the empirical relationship between ebcp and bulk modulus of metals and listed in Table 2 . It should point out that, for specific metal, the crystal structure of its ground state is affirmatory; the other two structures are hypothetical at the same equilibrium conditions. As experimental bulk modulus is measured in the ground state of metals, here we used the theoretical values of bulk modulus from Ref. [5] . Figure 3 shows ebcp and bulk modulus of metals in hcp, bcc, and fcc structures. The black, blue, and red dots denote the bulk moduli for the hcp, bcc, and fcc structures, respectively. Generally, the parabolic relationships between ebcp and bulk modulus of metals present in Figure 3 . Although the fitting for bcc structure (purple line) is somehow a bit separation than other two structures, the relationship between the numbers of electrons at the bcp To further clarify the influence of crystal structure, common crystal structures (hcp, bcc, and fcc,) are employed to check and extend the empirical relationship between e bcp and bulk modulus of metals and listed in Table 2 . It should point out that, for specific metal, the crystal structure of its ground state is affirmatory; the other two structures are hypothetical at the same equilibrium conditions. As experimental bulk modulus is measured in the ground state of metals, here we used the theoretical values of bulk modulus from Ref. [5] . Figure 3 shows e bcp and bulk modulus of metals in hcp, bcc, and fcc structures. The black, blue, and red dots denote the bulk moduli for the hcp, bcc, and fcc structures, respectively. Generally, the parabolic relationships between e bcp and bulk modulus of metals present in Figure 3 . Although the fitting for bcc structure (purple line) is somehow a bit separation than other two structures, the relationship between the numbers of electrons at the bcp and bulk modulus of metals approximately obey the expression of Equation (2) with a mean squared error around 0.92, as shown in Figure 3 , building a connection between the macro bulk modulus and micro electron numbers. Atomic volume is a characteristic parameter of materials. It has been illustrated that there is a strong correlation between the bulk modulus and atomic volume of pure metals [5] . Here, we further explore the relationship between ebcp and atomic volume of metals. Figure 4 presents the relationship of the experimental values of atomic volume against ebcp. It could be fitted via an equation of
where the coefficient k2 equals to 9.01 Å 3 . It is noted that point of metal Sn does not quite match eq (3). It may be mainly because metal Sn has a diamond cubic crystal structure with relatively larger atomic volume. This phenomenon also appears in following volume related fittings ( Figures 5 and  6 ). Atomic volume is a characteristic parameter of materials. It has been illustrated that there is a strong correlation between the bulk modulus and atomic volume of pure metals [5] . Here, we further explore the relationship between e bcp and atomic volume of metals. Figure 4 presents the relationship of the experimental values of atomic volume against e bcp . It could be fitted via an equation of
where the coefficient k 2 equals to 9.01 Å 3 . It is noted that point of metal Sn does not quite match Equation (3) . It may be mainly because metal Sn has a diamond cubic crystal structure with relatively larger atomic volume. This phenomenon also appears in following volume related fittings ( Figures 5 and 6 ). The bulk modulus is the second derivative of cohesive energy to volume. Therefore, many correlations exist among the cohesive energy, Ecoh, volume, V, and bulk modulus, B. However, the relationship between Ecoh and B of metals has not been studied directly. The volumetric cohesive energy Ecoh/V denotes the average cohesive energy of crystal, which has correlations with the bulk modulus and hardness [23] . It is interesting to explore the relationship between Ecoh/V and ebcp for metals due to the ebcp shows strong correlation with bulk modulus (Equation (2)). The bulk modulus is the second derivative of cohesive energy to volume. Therefore, many correlations exist among the cohesive energy, E coh , volume, V, and bulk modulus, B. However, the relationship between E coh and B of metals has not been studied directly. The volumetric cohesive energy E coh /V denotes the average cohesive energy of crystal, which has correlations with the bulk modulus and hardness [23] . It is interesting to explore the relationship between E coh /V and e bcp for metals due to the e bcp shows strong correlation with bulk modulus (Equation (2)). Figure 5 clearly shows a monotonic characteristic between e bcp and E coh /V, which delivers a linear relationship of
where k 3 = 1.27 eV/Å 3 .
As both E coh /V and B have correlated with e bcp (Figures 2 and 5) , the relationship between the e bcp and the products of E coh /V and B might be expected. Figure 6 shows the relationship between B·E coh /V and e bcp . The value of B·E coh /V fitted well with the value of e bcp , the relationship between them is very clear, which can be described by:
with k 4 = 2540 (GPa*eV/Å 3 ). From above analysis, e bcp communicates the relationships of the equilibrium properties, such as bulk modulus (B), atomic volume (V), and E coh /V. Furthermore, if one of above parameters is known, others can be estimated through the bridge of e bcp , as shown in Table 3 . The equations that are shown in Table 3 are derived from Equations (2) to (5) . It is very convenient to estimate the equilibrium properties of simple metals. Due to the relationships between the volume and the structural parameters are definitely for the simple metals, the structural parameters can be derived from atomic volume. Furthermore, the atomic volume of metal strongly correlates with other parameters, such as e bcp , E coh /V, and B. Therefore, the structural parameters of simple metals correlate with the four equilibrium parameters e bcp , E coh , V, and B. [38] . Tal proposed a direct relation between the charge density of a free atom, ρ, and the cohesive energy of the corresponding metal, E coh~ρ 5/3 , the bulk moduli of metals are also proportional to ρ 5/3 , however they do not work well for small values of cohesive energy and bulk modulus [39] . Our derived bulk modulus B is proportional to V −4 , (E coh /V) 2 , and e bcp 2 . They are similar with reported relationships, except the larger weight of volume in our derived relationships.
Conclusions
First principles calculations have been taken to study the equilibrium properties of pure metals in this work. The equilibrium properties of metals, such as V and E coh , have been estimated based on first principles total energy calculation and an electronic structure parameter, the number of electrons at the bonding critical point, e bcp , was evaluated under AIM theory. In the present work, this parameter acts as the bridge communicating with the equilibrium properties of metals. The relationships between e bcp and equilibrium properties have been obtained through the fitting equilibrium properties against e bcp . Strong correlations have been achieved in these fittings. The bulk modulus obeys a parabolic relationship with e bcp , E coh /V linearly follows the variation of e bcp , and V varies via e bcp in the manner of ∝ e −0.5 bcp . This work builds a connection between the macro properties of metals and their micro bonding characteristics and provides a new way to estimate the bulk modulus (B) and volumetric cohesive energy (E coh /V) of pure metals.
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